Abstract. In this paper, we introduce two classes of generalized variational-like inequalities with compositely monotone multifunctions in Banach spaces. Using the KKM-Fan lemma and the Nadler's result, we prove the existence of solutions for generalized variational-like inequalities with compositely relaxed η − α monotone multifunctions in reflexive Banach spaces. On the other hand we also derive the solvability of generalized variational-like inequalities with compositely relaxed η − α semimonotone multifunctions in arbitrary Banach spaces by virtue of the Kakutani-FanGlicksberg fixed-point theorem. The results presented in this paper extend and improve some earlier and recent results in the literature.
Introduction
Variational inequality theory has become very effective and quite powerful tool in the study of a large number of problems arising in differential equations, mechanics, contact problems in elasticity, optimization and control problems, management science, operations research, general equilibrium problems in economics and transportation, unilateral, obstacle, moving, etc. Because of their important applicability, variational inequality problems have been extensively studied and generalized in various directions by many authors for a long time. For more details, the reader is refereed to [1-4, 6-11, 13-15, 17-21] and the references therein.
It is well-known that the monotonicity has always been being an effective and important tool in the study of variational inequalities. Because of its useful applicability, the monotonicity has been given many important generalizations by some authors, for example, quasimonotonicity, pseudomonotonicity, relaxed monotonicity, p-monotonicity, semimonotonicity, relaxed η − α monotonicity, and relaxed η − α semimonotonicity; see [2-9, 14-16, 19-21] and the references therein. In 1997, Verma [14] studied a class of nonlinear variational inequalities with p-monotone and p-Lipschitz mappings in reflexive Banach spaces and gave some existence theorems of solutions. Subsequently, Chen [3] introduced a class of variational inequalities with semimonotone mappings in nonreflexive Banach spaces and obtained existence theorems of solutions by using the Kakutani-Fan-Glicksberg fixed-point theorem. Recently, Fang and Huang [6] introduced two concepts of relaxed η − α monotonicity and relaxed η − α semimonotonicity as well as two classes of variational-like inequalities with relaxed η − α monotone mappings and relaxed η − α semimonotone mappings. Using the KKM technique, they proved the existence of solutions for variational-like inequalities with relaxed η − α monotone mappings in reflexive Banach spaces. Moreover, they also derived the solvability of variational-like inequalities with relaxed η − α semimonotone mappings in arbitrary Banach spaces by means of the Kakutani-Fan-Glicksberg fixed-point theorem.
In this paper, we introduce two classes of generalized variational-like inequalities with compositely monotone multifunctions in Banach spaces. Using the KKM-Fan lemma and the Nadler's result, we prove the existence of solutions for generalized variational-like inequalities with compositely relaxed η − α monotone multifunctions in reflexive Banach spaces. On the other hand, we also derive the solvability of generalized variational-like inequalities with compositely relaxed η − α semimonotone multifunctions in arbitrary Banach spaces by virtue of the Kakutani-Fan-Glicksberg fixed-point theorem. The results presented in this paper extend and improve some earlier and recent results in the literature including [2, 3, 6, 8, [13] [14] [15] .
Throughout this paper, we will denote by "→" and " " the strong convergence and weak convergence, respectively.
A mapping T : K → X
* is said to be relaxed η − α monotone if there exist a mapping η : K × K → X and a real function α : X → R with α(tx) = t p α(x) for all t > 0 and x ∈ X such that
where p > 1 is a constant.
Obviously, it is easy to see that our compositely relaxed η − α monotonicity is a set-valued version generalization of Fang and Huang's relaxed η − α monotonicity.
(i) f is said to be convex if for each x, y ∈ K and t ∈ [0, 1], one has
(ii) f is said to be concave, if the function −f is convex. 
is upper semicontinuous with compact values.
Lemma 2.2 (Nadler's theorem [12]). Let (Y, · ) be a normed vector space and H(·, ·) be a Hausdorff metric on the collection CB(Y ) of all nonempty, closed and bounded subsets of Y , induced by a metric d in terms of
X * is called Huniformly continuous if for any given ε > 0 there exists δ > 0 such that for any x, y ∈ K with x − y < δ there holds 
is H-uniformly continuous, then the following are equivalent:
Proof. Suppose that there exist
Since H and V are compositely relaxed η − α monotone with respect to A, we have
for all y ∈ K, z ∈ V (y) and ξ ∈ H(y, z), which hence implies that
for all y ∈ K, z ∈ V (y) and ξ ∈ H(y, z); that is,
for all y ∈ K, z ∈ V (y) and ξ ∈ H(y, z). Conversely, suppose that there exists
for all y ∈ K, z ∈ V (y) and ξ ∈ H(y, z). For any given y ∈ K, we know that
Replacing y by y t in the left-hand side of the above inequality, one deduces from assumptions (a)-
which hence implies that
We remark that according to Lemma 2.1 the multivalued mapping T :
is upper semicontinuous with compact values. Hence T (y t ) and T (x 0 ) are compact, and from Lemma 2.2 it follows that for each fixed ξ t ∈ T (y t ) there exists an ζ t ∈ T (x 0 ) such that
Since T (x 0 ) is compact, without loss of generality, we may assume that
Note that A is continuous. Hence Aξ t → Aξ 0 as t → 0 + . Thus we obtain
Consequently, from (5a) we deduce that for any given y ∈ K
Next, we claim that there holds
Indeed, let v be an arbitrary element in K and set v t = tv + (1 − t)x 0 for each t ∈ (0, 1). Then one has y t − v t = t y − v → 0 as t → 0 + . Hence from the H-uniform continuity of T it follows that H(T y t , T v t ) → 0 as t → 0 + . Let {ξ t } t∈(0,1) be the net chosen as above such that ξ t → ξ 0 as t → 0 + . Since T y t and T v t are compact, from Lemma 2.2 it follows that for each fixed ξ t ∈ T y t there exists a γ t ∈ T v t such that
Note that A is continuous. Thus letting t → 0 + , we obtain
Replacing y, y t and ξ t in (5a) by v, v t and γ t , respectively, one deduces that
Letting t → 0 + we immediately get
Thus according to the arbitrariness of v the assertion is valid. 
Proof. First we claim that for every finite subset
Indeed, let us define a vector multifunction F : coE → 2 coE as follows:
From assumption (ii), one has F (y) = ∅ since y ∈ F (y). The set F (y) is also closed. Indeed, let {x n } ⊆ F (y) such that x n → x as n → ∞. Hence, for each n there exist z n ∈ V (x n ) and ξ n ∈ H(x n , z n ) such that
Since V is upper semicontinuous with compact values, V (coE) is compact. Therefore, without loss of generality one deduces that z n → z ∈ V (x) as n → ∞. On the other hand, since H is upper semicontinuous with compact values, H(coE, V (coE)) is compact. It follows without loss of generality that ξ n → ξ ∈ H(x, z). Now, let {y 1 , y 2 , . . . , y n } ⊆ coE and let us verify that
This shows that
Therefore, there exists i ∈ {1, 2, . . . , n} such that
. Consequently, from Lemma 2.3, we know that y∈coE F (y) = ∅. Letx ∈ y∈coE F (y). Then for each fixed y ∈ coE there exists ξ y ∈ Tx = H(x, V (x)) such that
and so
which together with (5b), implies that
We remark that according to Lemma 2.1 the multivalued mapping T : K → 2 X * defined by
is upper semicontinuous with compact values. Hence T (y t ) and T (x) are compact, and from Lemma 2.2 it follows that for each fixed ξ t ∈ T (y t ) there exists an ζ t ∈ T (x) such that
Since T (x) is compact, without loss of generality, we may assume that ζ t →ξ ∈ T (x) as t → 0 + . Since T is H-uniformly continuous and y t −x = t y−x → 0 as t → 0 + , so H(T (y t ), T (x)) → 0 as t → 0 + . Thus one has
Note that A is continuous. Therefore letting t → 0 + , we obtain
This together with (5c), implies that
Next we claim that there holds
Indeed, let v be an arbitrary element in coE and set v t = tv + (1 − t)x for each t ∈ (0, 1). Then one has y t − v t = t y − v → 0 as t → 0 + . Hence from the H-uniform continuity of T it follows that H(T y t , T v t ) → 0 as t → 0
+ . Let {ξ t } t∈(0,1) be the net chosen as above such that ξ t →ξ as t → 0 + . Since T y t and T v t are compact, from Lemma 2.2 it follows that for each fixed ξ t ∈ T y t there exists a γ t ∈ T v t such that
Replacing y, y t and ξ t in (5c) by v, v t and γ t , respectively, one has
Thus, according to the arbitrariness of v the assertion is valid.
, it follows that there exists z ∈ V (x) such thatξ ∈ H(x,z). Therefore, the original assertion is valid. Now, by Theorem 2.1 we conclude that for every finite subset E of K, there existsx ∈ coE such that ξ ∈ H(y, z) .
Second, we claim that there existsx ∈ K such that ξ ∈ H(y, z) .
Indeed, since X is reflexive and K is a nonempty, bounded, closed and convex subset of X, so K is compact with respect to the weak topology of X. Let be the family of all finite subsets of K. For each E ∈ , consider the following set:
Then one has M E = ∅ for each E ∈ . We shall prove that E∈ M 
In particular, whenever v = y, one derives for each n Aξ, η(y,
Since f : K → R ∪ {+∞} is a proper, affine and lower semicontinuous function, f is weakly lower semicontinuous. Note that α : X → R is weakly lower semicontinuous, and that for each x ∈ K, z ∈ V (x) and ξ ∈ H(x, z) fixed, Aξ, η(x, ·) : K → R is weakly upper semicontinuous. Thus we conclude that for each y ∈ K, z ∈ V (y) and ξ ∈ H(y, z) fixed,
Thus, the assertion is proved. Now by Theorem 2.1 we infer that there existx
This completes the proof. If K is unbounded, then we have the following theorem under certain coercivity condition: Theorem 2.3. Let K be a nonempty, unbounded, closed and convex subset of a real reflexive Banach space X, and let X * be the dual space of X. Suppose there hold the following:
{+∞} is a proper, affine and lower semicontinuous function;
(v) A : X * → X * is continuous, and α : X → R is weakly lower semicontinuous.
Suppose additionally that
X * are two upper semicontinuous mappings with compact values such that H and V are compositely relaxed η − α monotone with respect to A. If the multivalued map
is H-uniformly continuous such that H and V are η-coercive with respect to A and f ; i.e., there exist
Proof. Let K r = {y ∈ K : y ≤ r}. Consider the problem of finding x r ∈ K r , z r ∈ V (x r ) and ξ r ∈ H(x r , z r ) such that
One can readily see that all conditions of Theorem 2.1 are fulfilled for nonempty, bounded, closed and convex subset K r = K ∩ B r , where B r = {x ∈ X : x ≤ r}. Thus according to Theorem 2.2 we know that problem (6) has one solution; that is, there exist x r ∈ K r , z r ∈ V (x r ) and ξ r ∈ H(x r , z r ) such that inequality (6) holds. Choose r > x 0 with x 0 as in the coercivity condition. Then we have
Moreover,
Now, if x r = r for all r, we may choose r large enough such that the above inequality and the η-coercivity of H and V with respect to A and f imply that
Hence there exists r such that x r < r. For any y ∈ K, we can choose > 0 small enough such that
It follows from (6) that
This implies that
for all y ∈ K, and so problem (2) has a solution. This completes the proof. 
Observe that K L ⊆ L is bounded, closed and convex, A(y, ·) : X * → X * is continuous, and H and V are compositely relaxed η − α monotone with respect to A(y, ·). Since assumptions (i) and (ii) guarantee that conditions (i)-(iii) in Theorem 2.2 are fulfilled, from Theorem 2.2 it follows that problem (8) has a solution; that is, there existx ∈ K,ẑ ∈ V (x) andξ ∈ H(x,ẑ) such that inequality (8) holds. Now, define a set-valued mapping Γ : K L → 2 K L as follows:
It follows from Theorem 2.1 that, for each fixed
Since every convex lower semicontinuous function in Banach spaces is weakly lower semicontinuous, the proper convex lower semicontinuity of f and α and assumption (ii) imply that Γ : K L → 2 K L has nonempty, bounded, closed and convex values. We also know that Γ is upper semicontinuous by the complete continuity of A(·, ξ). By the Kakutani-Fan-Glicksberg fixed-point theorem, Γ has a fixed point x 0 ∈ K L , i.e., x 0 ∈ Γ(x 0 ). Consequently, there exist z 0 ∈ V (x 0 ) and ξ 0 ∈ H(x 0 , z 0 ) such that (9) A
for all L ∈ . By (9) and Theorem 2.1, we know that W L is nonempty and bounded. Denote by
L ∈ } has the finite intersection property. Therefore, it follows that
It follows that
by the complete continuity of A(·, v) and the proper convex lower semicontinuity of f and α. Therefore according to Theorem 2.1 there existẑ ∈ V (x) and ξ ∈ H(x,ẑ) such that
This completes the proof. Proof. Denote by B r the closed ball with radius r and center at 0 in X * * . First consider the problem of finding x r ∈ K r , z r ∈ V (x r ) and ξ r ∈ H(x r , z r ) such that (10) A(x r , ξ r ), η(v,
where K r = {x ∈ K : x ≤ r} = K ∩ B r . By Theorem 3.1 problem (10) has a solution; that is, there exist x r ∈ K r , z r ∈ V (x r ) and ξ r ∈ H(x r , z r ) such that inequality (10) holds. Let r be large enough such that x 0 ∈ B r . Therefore, This contradicts condition (v). So, we may assume that x r converges tox in σ(X * * , X * ) as r → ∞. On the other hand, it follows from Theorem 2.1 that
Letting r → ∞, we have
